This paper is concerned with a stage-structured predator-prey system with Holling-II functional response and two delays. Choosing a possible combination of the two delays as the bifurcation parameter, the existence of the Hopf bifurcation of the system is discussed. Furthermore, the properties of the Hopf bifurcation such as the direction and the stability are determined by using the normal form method and center manifold theorem. Finally, some numerical simulations are presented to justify the theoretical results.
Introduction
It is well known that there are many species whose individual members have a life history that takes them through an immature stage and a mature stage. Based on this fact, stagestructured predator-prey systems have been investigated by many authors in recent years [-] . In [], Xu considered the global stability and permanence of a predator-prey system with a stage structure for the predator:
-r  y  (t) -Dy  (t),
where x(t) represents the density of the prey at time t. y  (t) and y  (t) represent the densities of the immature predator and the mature predator at time t, respectively. In [], Li and Li investigated the Hopf bifurcation problem of a predator-prey system with stage structure for the prey:
where x  (t) and x  (t) represent the densities of the immature prey and the mature prey at time t, respectively. y(t) represents the density of the predator at time t.
Obviously, all the above researchers consider predator-prey systems with stage structure only for the predator or the prey. Since both predator and prey have a life history that takes them through an immature stage and a mature stage, it is reasonable to consider the predator-prey system with a stage structure for both the predator and the prey. Based on this consideration, Wang and Feng [] proposed a predator-prey system with a stage structure for both the predator and the prey:
where x  (t) and x  (t) represent the densities of the immature prey and the mature prey at time t, respectively. y  (t) and y  (t) represent the densities of the immature predator and the mature predator at time t, respectively. a is the intra-specific competition rate among the mature prey; a  is the predation rate of the mature predator; a  is the conversion factor from the mature prey to the immature predator; d  , d  , d  , and d  are the death rates of the immature prey, mature prey, immature predator, and mature predator, respectively. r  (r  ) is the transformation rate from the immature prey (predator) to the mature prey (predator). r is the birth rate of the immature prey and m is the half saturation rate of the mature predator. Wang and Feng [] studied the local and global stability of system ().
As is well known, it is necessary to incorporate time delay into dynamical systems in order to reflect the dynamics of the systems depending on the past history of the systems. Dynamical Cui and Yan investigated a three-species Lotka-Volterra food chain system with two delays by taking the sum of the two delays as the bifurcation parameter and showed the effects of the two delays on the dynamical behaviors of the system. In [], Meng et al. considered a two-competitor, one-prey system with two feedback delays and they investigated the Hopf bifurcation problem by choosing the possible combination of the two delays as the bifurcation parameter. They also discussed the direction of the Hopf bifurcation and stability of the bifurcating periodic solutions by using a center manifold theorem and the normal form method. To the best of our knowledge, there are few papers on the effect of time delays on system (). Based on this and motivated by the work above, in the present paper, we incorporate the feedback delay of the mature prey and the time delay due to the gestation of the mature predator into system () and investigate the Hopf bifurcation of the following delayed system:
where τ  is the feedback delay of the mature prey and τ  is the time delay due to the gestation of the mature predator. This paper is organized as follows. In Section , we discuss the local stability of the positive equilibrium and the existence of local Hopf bifurcation of system (). In Section , the properties of the Hopf bifurcation such as the direction and stability are determined by using the normal form method and center manifold theorem. Some numerical simulations are performed to illustrate the theoretical results in Section . In Section , we derive some concluding remarks concerning the whole analysis.
Local stability of positive equilibrium and existence of Hopf bifurcation
It is easy to show that if a  r  > md  (r  + d  ) and
, then system () has a unique positive equilibrium
, where
,
where
The linearized system of () is
The characteristic equation of system () at the positive equilibrium E * is of the form
Thus, all roots of () have negative real parts if the condition (H  ): () is satisfied. We have
Thus, the positive equilibrium of system () without delay is locally asymptotically stable under the condition (H  ): () holds.
Discussion of the roots of () is similar to that in [] . Denote
Clearly, if e  < , then () has at least one positive root. From (), one can get
Define
Then we have the following results according to the Lemma . in [] . 
In what follows, we assume that we have (H  ): the coefficients in f  (v  ) satisfy one of the following conditions in (α)-(γ ): (α) e  < ; (β) e  ≥ , α  ≥ , v  > , and f  (v  ) < ; (γ ) e  ≥ , α  < , and there exists at least one v  * ∈ {v  , v  , v  }, such that v  * >  and
If the condition (H  ) holds, () has at least one positive root ω  such that () has a pair of purely imaginary roots ±iω  and the corresponding critical value of the delay is
Differentiating the two sides of (), we can get
Thus,
In conclusion, we have the following results according to the Hopf bifurcation theorem in [] .
Theorem  Suppose that the conditions
Substitute τ  =  into () and we have
Let λ = iω  (ω  > ) be the root of (). Then
Then
. Then () becomes
According to Lemma , we can conclude that if we may consider the condition (H  ): the coefficients in f  (v  ) satisfy one of the following conditions in (α )-(γ ): (α ) e  < ; (β ) e  ≥ , α  ≥, v  > , and f  (v  ) < ; (γ ) e  ≥ , α  < , and there exists at least one
If the condition (H  ) holds, () has at least one positive root ω  such that () has a pair of purely imaginary roots ±iω  and the corresponding critical value of the delay is 
Multiplying () by e λτ , then () becomes
Let λ = iω (ω > ) be the root of (), then
from which it follows that
where 
Let
If the coefficients of system () are given, the roots of () can be obtained by the Matlab software package. Therefore, we make the following assumption in order to get the main results in this paper.
Suppose that (H  ): () has at least one positive root. If the condition (H  ) holds, without loss of generality, we assume that () has eight positive roots which are denoted by v  , v  , . . . , v  , respectively. Then () has eight positive roots ω k = √ v k , k = , , . . . , . For every ω k , the corresponding critical value of the time delay is
Thus, when τ = τ  , () has a pair of purely imaginary roots ±iω  . Differentiating both sides of () with respect to τ , we get
Then we have
Obviously Case . τ  >  and τ  ∈ (, τ  ). We consider () with τ  in its stable interval and τ  is considered as a parameter.
Let λ = iω  (ω  > ) be the root of (). Then we get
It follows that
Suppose that we have (H  ): () has at least finite positive roots. We denote the positive roots of () as ω  , ω  , . . . , ω k . Then, for every fixed ω i (i = , , . . . , k), the corresponding critical value of time delay is 
Hence,
Obviously 
Stability of bifurcating periodic solutions
In this section, we shall derive the explicit formulas determining the direction and stability of the bifurcating periodic solutions with respect to τ  for τ  ∈ (, τ  ). Throughout this section, we assume that τ  * < τ *  where τ  * ∈ (, τ  ).
and rescale the time delay t → (t/τ  ), then system () can be rewritten aṡ
and
Therefore, according to the Riesz representation theorem, there exists a  ×  matrix function η(θ , μ) : [-, ] → R  whose elements are of bounded variation such that
In fact, we choose
Then system () can be transformed into the following operator equation:
, where (R  ) * is the -dimensional space of row vectors, we define the adjoint operator A * of A:
and a bilinear inner product:
 θ be the eigenvectors of A() corresponding to the eigenvalue +iω *  τ *  and q
It is not difficult to verify that
. From (), we choosē
In the remainder of this section, we obtain the coefficients that can determine direction of the Hopf bifurcation and stability of the bifurcating periodic solutions by using the algorithms given in [] and using the computation process which is similar to that in [] : where E  and E  can be computed as the following equations, respectively: Therefore, we can calculate the following values:
Based on the discussion above, we can obtain the following results. 
Numerical example
In this section, we give a numerical example to support the theoretical results in Section  and Section . We consider the following system: We have τ  = τ  = τ > . We can obtain ω  = . and then we get τ  = .. From Theorem , we can conclude that when τ increases from zero to τ  the positive equilibrium E * of system () is asymptotically stable, then it will lose its stability and a Hopf bifurcation occurs once τ > τ  . As can be seen from Figures  and , when τ = . ∈ (, .), the positive equilibrium E * of system () is asymptotically stable. However, if we let τ = . > τ  = ., the positive equilibrium E * of system ()
loses its stability and a Hopf bifurcation occurs, which can be shown as in Figures ,  and .
We have τ  >  and τ  = . ∈ (, τ  ). We can obtain ω *  = ., τ *  = .. By Theorem , the positive equilibrium E * of system () is asymptotically stable when τ  ∈ [, τ *  ) and the positive equilibrium E * of system () becomes unstable when τ  > τ *  and a family of periodic solutions bifurcate from the positive equilibrium E * , which can be illustrated by Figures -. Finally, by complex computations, we obtain C  () = -. -.i, λ (τ *  ) = . -.i. Further, we can obtain μ  = . > , β  = -. < , T  = . > . According to Theorem , we know that the Hopf bifurcation of system () with respect to τ  with τ  = . ∈ (, τ  ) is supercritical, the bifurcating periodic solutions are stable and increase.
Conclusion
In this paper, by incorporating the feedback delay of the mature prey and the time delay due to the gestation of the mature predator into the system considered in the literature [], we get a delayed predator-prey system with stage structure for both the predator and the prey, which is an extension of the literature [] . Compared with the literature [], we mainly consider the effects of the two delays on the predator-prey system.
By regarding the possible combination of the two delays as the bifurcation parameter, and analyzing the characteristic equation of the linearized system at the positive equilibrium, the sufficient conditions for the local stability of the positive equilibrium and the existence of a Hopf bifurcation are established. It has been shown that when the value of the delay is below the corresponding critical value, the system is asymptotically stable. However, once the value of the delay is greater than the corresponding critical value, there will be a Hopf bifurcation at the positive equilibrium of the system and a family of periodic solutions occur. For the further investigation, formulas are derived to determine direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions by using the normal form theory and center manifold theorem. From the numerical simulations, one can conclude that the species in system () could coexist in an oscillatory mode with some available delays of the mature prey and the mature predator under some certain conditions. This is valuable from the point of view of ecology.
